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1. INTRODUCTION 
It is well known that when A has its eigenvalue off the unit circle, then 
x(t + h) - Ax(t) =f(t) (1) 
has a unique bounded solution when f is bounded. We shall investigate the 
so-called critical case, when some or all of the eigenvalues are on the unit 
circle. For certain Banach spaces of almost periodic f we get a unique solution 
X~ that is almost periodic and the mapping f -+ jc, is a bounded linear operator 
on that space. We believe that this latter fact together with the method of 
proof are interesting. In particular we do not require the convergence of the 
Fourier series off. 
The first definitive work on Eq. (1) when f is almost periodic is due to 
Walther [l]. He showed that all bounded uniformly continuous solutions are 
almost periodic. He observed that in case the eigenvalues of A are off the unit 
circle, then this solution is unique. The question then reduces to finding 
conditions under which (1) has bounded solutions. In this connection, Walther 
also shows that if f has bounded exponents and h is sufficiently small, then 
every bounded continuous solution of (1) is almost periodic. Finally if (1) 
is a scalar equation with A = 1, the exponents off are linearly independent, 
and f has C aneiAnt absolutely convergent Fourier series, then (1) has an 
almost periodic solution if and only if 
X,/I f O(mod 27~) and c 1 a,h(eiAnk - 1)-l 1 < co. 
Note that this is non-trivial even if f is periodic. 
Bochner [2] generalized Walther’s theorem in that he replaced the leftside 
of (1) by a general linear differential-difference operator and showed that every 
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bounded uniformly continuous solution is almost periodic if the homogeneous 
system has all its bounded solutions almost periodic. It is easy to verify that 
(1) has this property so that Bochner’s theorem contains Walther’s. 
We will discuss cases which are not covered by Walther’s work. Our 
conditions will not require convergence of the Fourier series but rather the 
location of the exponents mod(2rrh-l). 
2. MAIN RESULTS 
We first concern ourselves with the scalar case 
x(t + h) - ax(t) =f(t). (2) 
If / cy 1 = 1, then the change of variables (a = @oh) r(t) = e-jAO’.v(t) reduces 
to (2) when OL = 1 and f is replaced by g(t) = @\~(~+~If(t). 
Recall that for almost periodic functions, 
so that exp(g) = exp( f) - A,, .
LEMMA. Suppose 01 = e i,‘oh and A is a set of real numbers such that there 
exists a positive number 6 so that / Ah - A,,h 1 >, 6 mod(2rr) for all X E A. There 
exists a number C depending only on 6 such that if 
L?(t) = 2 
anew and w(t) = 2 an(e%h - q’ eid”t 
FZ=l ri=l 
with A, E A, n = I,..., N then /I ~11 < C/lgjl. Here 
Proof. By the above change of variables and the identities l/g 11 = 11 f/I 
and II Y II = II x II , we may assume OL = 1. Let q(t) = (eifh - 1))’ when 
/ th 1 3 6 mod(2rr) and extend v to all of R so that v is 2ah-l periodic and has 
two continuous derivatives. Then y(t) = CI==_m b,einth uniformly for all t and 
zI=‘=_, / b, 1 = C < co. These two statements justify the following steps: 
w(t) = f a,r&J eiAmt 
?l=l 
= 5 a, ( f bkefW) ei*nt 
n=1 .n=-02 
= f b, (i anenn(tcch)) = t b,g(t + kh). 




We make two remarks. Lemma 1 tells us that on trigonometric polynomials 
with exponents in A, the mapping from f to x, is a linear operator with norm 
at most C. Secondly, if 1 a: I # 1, then one gets this bound by taking 
v(t) = (eit” - a)-’ for all t, and no hypothesis on the exponents is needed. 
This is well known. All that is required for this is that f be bounded. We are 
now in a position to extend this to any almost periodic function f with 
exp(f)C~. 
THEOREM 1. Let A be a set of real numbers and d > 0 such that for every 
A e A, ) eiAh - a! ) 2 d. Let B(A) be the Banach space of almost periodic 
jimctions with exponents in A. Then for every f E B(A) there exists a unique 
x, E B(A) such that x, is a solution of (2). The ma.ing f + x, is a linear operator 
and there exists a number C depending onZy on d such that 11 x, 11 < C 11 f II . 
Proof. The condition on A implies the existence of a 8 satisfying the 
hypothesis of the Lemma. If f E B(A), there exist polynomials fm E B(A) 
such that 11 fm -f II--+ 0. Solve (2) with f replaced by fm using the lemma. 
Call this solution ym . Notice that ym - ym is the solution of (2) with f re- 
placed by fm - fn as in the lemma. Thus lJym --y* 1) < C(d) JI fn - fm 1) .So 
the sequence ym is Cauchy in the uniform topology and converges to an almost 
periodic function y which is a solution of (2). That )I y 11 < C(d) 11 f [I follows 
from 1)~~ JI < C(d) 11 f 1) , Clearly y E B(A). In fact it can be shown that 
exdy) = exp(f). T o s h ow uniqueness, let w be the difference of such 
solutions. It is an almost periodic solution to y(t + h) - q(t) = 0 and 
exp(w) CA. If w(t) NC b,eiAnt, then w(t + h) N C b,eiAnheiAnt so that 
b&*&h - a) = 0. But eilnh - OL # 0 for h, E A so that b, = 0 for all tl. 
Hence w z 0. Thus the mapping f + x, is well defined and given by the 
above construction, and is linear. 
This can be immediately extended to vector systems. 
THEOREM 2. Let A be a set of real numbers and d > 0 such that 
1 esAh - p 1 > d for every X E A and every n’gavalue p of A. Let B,,(A) be the 
Banach space of almost periodic vectors with exponents in A. For every f E B,,(A) 
there xists a unique x, E B,(A) which is a solution of( 1) and (( x, II, < C,(d) II f11,. 
Here II x [I, = sup, II xi 11 , x, the component functions. Also the nrapping f --+ x, 
is linear. 
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Proof. There exists P such that PAP1 = T is lower triangular with 
diagonal pi , p2 ,..., pn . If z(t) = Px(t), then (1) is equivalent to 
z(t + h) - Tz(t) = Pf(t) =g(t). 
Then exp(g) = exp( f) and z is almost periodic if and only if y is and 
I( y 11 < (( P 1111 z I/ . Let zi and gi denote the components of z and g. Then 
zl(t + h) - &i(t) = gi(t) so by Theorem 1 we get a unique zi E B(I1) and 
II ~1 II d ‘74 II g, II < WI II g Iln . N ow x2@ + 4 - P92(f) = E2W - t21m 
so again by Theorem 1, there exists a unique z, E B(/l) such that 
II z2 II G w-4 (llg2 II + I t21 I II 3 II) 
d C(d) (II g Iln + I t2, I W) II g II,). 
Continuing in this manner one gets the result. 
3. REMARKS 
The non-resonance condition I eiAnh - OL ) > d > 0 is a severe restriction, 
even in the periodic case. Some such condition is required of course, since 
any solution must be a formal solution, i.e. the Fourier series must formally 
satisfy (2). That is, iff N C a,ei”nt and x N C b,,eiAnt, then b,(eiAnh - a) = u, . 
Thus, not only must eir\nh - OL # 0, but C I b,, I2 < CO. One easily can con- 
struct a class of functions f with cardinality of the reals for which no almost 
periodic solutions to (2) exist. 
A class of functions which do satisfy the non-resonance condition can be 
constructed as follows. Take any sequence h, and 0 < d < 42 such that 
I eiAnh - (Y 1 > d > 0 for some fixed d. (Any sequence (nwh) with whm # 1, 
will contain such a subsequence). Take f (t) = cfi cneiAnf with 1 c, / < l/n2. 
This class has the power of the reals. 
Clearly we may allow a finite number of exponents of f to satisfy 
0 < 1 efAnh - a I < d and still get an a.p. solution. 
Finally, if one considers f with absolutely convergent Fourier series, then 
one may clearly relax the non-resonance condition to ( eiAnh - 01 I > d, > 0 
with x ) a, / d;’ < co. 
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